Abstract. We propose a scheme for constructing classical spin Hamiltonians from Hunds coupled spinfermion models in the limit JH /t → ∞. The strong coupling between fermions and the core spins requires self-consistent calculation of the effective exchange in the model, either in the presence of inhomogeneities or with changing temperature. In this paper we establish the formalism and discuss results mainly on the "clean" double exchange model, with self consistently renormalised couplings, and compare our results with exact simulations. Our method allows access to system sizes much beyond the reach of exact simulations, and we can study transport and optical properties of the model without artificial broadening. The method discussed here forms the foundation of our papers [Phys. Rev. Lett. 91, 246602 (2003), and Phys. Rev. Lett. 92, 126602 (2004) 
Introduction
The double exchange (DE) model was introduced by Zener [1] in 1951 to motivate ferromagnetism in the perovskite manganites. In contrast to 'Heisenberg like' coupling between localised spins, the effective interaction in 'double exchange' arises from optimisation of carrier kinetic energy in the spin background. The intimate correlation between spin configuration and electron motion had, till recently, restricted the study of the DE model to mostly qualitative analysis or mean field theory. The original proposal of Zener was followed up [2] by Anderson and Hasegawa, who clarified the physics of the coupled spinfermion system in a two site model, and de Gennes [3] who presented a thermodynamic calculation and a phase diagram (incorporating antiferromagnetic superexchange). He produced the first estimate of transition temperature (T c ) in the model. The thermodynamic transition within double exchange was also studied [4] by Kubo and Ohata. This short list essentially exhausts activity on the double exchange problem prior to the 'manganite renaissance'.
The discovery of colossal magnetoresistance (CMR) and a variety of magnetic phases in the manganites [5] led to renewed interest in the DE model. In addition, the availability of powerful analytical and numerical tools, e.g., dynamical mean field theory (DMFT) and Monte Carlo methods provided impetus for studying the DE model in detail. In real systems the double exchange interaction is supplemented by [6] antiferromagnetic (AF) a e-mail: pinaki@mri.ernet.in superexchange, electron-phonon interactions, and disorder, and some of these models have been studied within various approximations. The primary limitation of current methods, as we discuss in detail later, is their inability to access transport properties taking spatial fluctuations and disorder effects fully into account. In this context our method, of constructing an approximate but explicit classical spin Hamiltonian, allows a breakthrough. In the present paper our detailed results are on the simplest case, of the clean DE model. In earlier short publications we have presented results on the disordered double exchange model [7] , and on magnetic phase competetion [8] .
Let us define the general model to which our method is applicable. H = H el + H AF , with
The t ij = −t are nearest neighbour hopping, on a square or cubic lattice as relevant. i is the on site potential, uniformly distributed between ±∆/2, say, and J S is an antiferromagnetic superexchange between the core spins. J H is the 'Hunds' coupling, and we will work in the limit J H /t → ∞. The parameters in the problem are ∆/t, J S /t, and the carrier density n (or chemical potential µ). We assume a classical core spin, setting |S i | = 1, and absorb the magnitude of the spin in J S . All our energy scales, frequency (ω) and temperature (T ), etc., will be measured in units of t.
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For J H /t → ∞ the fermion spin at a site is constrained to be parallel to the core spin, gaining energy −J H /2, while the 'antiparallel' orientation is pushed to +J H /2. Since the hopping term t ij itself is spin conserving, the motion of the low energy, locally parallel spin, fermions is now controlled by nearest neighbour spin orientation. The strong magnetic coupling (J H ) generates an effective single band 'spinless fermion' problem [9] , with core spin orientation dependent hopping amplitudes. We will discuss the hopping term further on, for the moment let us denote the renormalised (spin orientation dependent) hopping amplitude ast, indicative of double-exchange physics.
Thet − ∆ − J S problem has a variety of ground states. (i) In the absence of J S , both the 'clean' and the disordered DE model has a ferromagnetic ground state, at all electron density, with T c reducing with increase in ∆.
(ii) The non disordered problem, with J S , leads to a variety of phases [10, 11] competing with ferromagnetism. These are ferromagnetic and A, C, G type AF phases, etc. There could also be more exotic 'flux', 'skyrmion' or 'island' phases in some parts of parameter space. The boundaries between these phases are often first order so there are regimes of macroscopic phase coexistence. The specific set of possible AF phases depends on J S . (iii) Weak disorder in thet − J S problem [8, 12] converts the regions of macroscopic phase separation into mesoscopic phase coexistence of FM and AF clusters. (iv) For some density and ∆ − J S combination, the ground state could be a spin glass.
Although the phases above can be motivated easily, the electrical character of the ground state, or the temperature dependence of magnetic and transport properties, or the response to an applied magnetic field, are still not well understood. A comprehensive understanding of these effects within the relatively simple model in equation (1) would be the first step in approaching the even richer variety of phases in the manganites, where the lattice degrees of freedom are also active. This calls for a new technique, handling spatial and thermal fluctuations, the formation of clusters, and the effect of electron localisation. We propose and extensively benchmark such a real space technique in this paper. To appreciate the need for a new method let us quickly review the current approaches to the Hamiltonian above.
Theoretical approaches
The approaches can be broadly classified into three categories. These are: (i) Exact variational calculations [13] at T = 0, and generalisation [14] [15] [16] to T = 0 via approximate mean field techniques. Let us call these methods variational mean field (VMF), for convenience. (ii) Dynamical mean field theory (DMFT) based calculations [17, 18] which map on the lattice model to an effective single site problem in a temporally fluctuating medium. Apart from a formal limit d → ∞, where d is the number of spatial dimensions, there are no further approximations in the theory. (iii) Real space, finite size, Monte Carlo (MC) simulations [19] [20] [21] [22] [23] of the coupled 'spin-fermion' problem, treating the core spin as classical.
We can set a few indicators in terms of which the strength and weakness of various approximations can be judged. These are, tentatively:
1. The ability to access ground state properties. 2. Ability to handle fluctuations, and accuracy of T c estimate. 3. The ability to access response functions, e.g., transport and optical properties. 4. Treatment of disorder effects: Anderson localisation and cluster coexistence. 5. Ability to handle Hubbard interactions, and quantum effects in spins and phonons. 6. Computational cost and finite size effects.
Variational calculations
The variational calculations attempt a minimisation of the energy of the (clean) system, at T = 0, with respect to a variety of ordered spin configurations. The optimal configuration {S i } min for specified J S , µ, etc., is accepted as the magnetic ground state. The energy calculations are relatively straightforward, since the electron motion is in a periodic background. The method has been used to map out the ground state phase diagram of DE model with AF superexchange in two and three dimension [10, 11] . The approach, however, can only be approximately implemented at finite temperature [14] [15] [16] . One has to calculate a spin distribution instead of just targeting the ground state, and estimating the energy of an electron system in a spin disordered background is non trivial. Due to the mean field character of VMF, fluctuation effects are lost and transition temperatures are somewhat overestimated. The method is focused on thermodynamic properties so there is no discussion of transport, etc, within this scheme (with one exception [14] ). Disorder effects have been included, approximately [14] , in some of these calculations. Variational methods can provide indication of phase coexistence [10, 11] at T = 0, or, approximately, at finite temperature [15, 16] , but cluster coexistence in a disordered system is beyond its reach. The method has not been generalised to include quantum many body effects. Finite size effects in this approach are small and the method is relatively easy to implement.
Dynamical mean field theory
The single site nature of the DMFT approximation becomes exact in the limit of 'high dimensions'. DMFT can access both ground state and finite temperature properties, but the effective single site approximation cannot capture spatial fluctuations, or a non trivial paramagnetic phase. The 'mean field' character leads to an overestimate of T c , and also the inability to differentiate between two and three dimensional systems. Being a Greens function based theory DMFT can readily access response functions.
